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What is topology optimization?

Topology optimization is a computational tool, enabling us to
optimize the distribution of material in a given design space.

Performance can be improved.

Amount of material used can be reduced.

A simple example of a beam:

?
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Problem definition: find the stiffest structure, while limiting the
volume of material to 50% of the design domain.
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Designing a simply-supported beam
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Some applications - optimized structures

Topology optimization has been applied in various fields of engineering
design: automotive, aircraft, MEMS, nano-optics, electromagnetics, ...

shape of the holes. In special cases, the orientations
of fibers in a composite structure may also be found.

The word topology originates from the Greek word
topos, which means landscape or place. In other
words, topology optimization means optimizing the
“landscape”, consisting of the number, shape and con-
nectivity of the elements that make up a structure.

Issues of structural topology design
As described for the lamp-holder problem, the opti-
mizing of topology sounds fairly simple. However,
various computational and theoretical challenges
have arisen during the process of developing the
method into a reliable and useful computer tool.

As the pixel representation used for describing the
structure in optimizing topology gets finer and finer,

also more details appear in the optimum structure.
The best structure will comprise an infinitely fine
grid of closely spaced beams, similar to a fiber com-
posite. This may be useful information but is typically
impractical for manufacturing. Such situations are
then handled by applying methods from image pro-
cessing. The results in Fig. 3.3–3.5 are all based on the
use of a filter to limit geometrical complexity.

Computational speed is another important issue.
This is especially true for computations in three di-
mensions, where even modern high-speed computers
have a hard time doing topology design, both in terms
of computational time and in terms of RAM storage
needed. The basic method is unchanged, and many 
of the voxels (cubes) now used instead of pixels are
needed to suitably describe a structure. That more

rough models nevertheless can provide useful infor-
mation is illustrated in Fig. 3.5, where a lamp-holder
has been generated using the 3D facility at
www.topopt.dtu.dk.

Industrial applications
The computer-based topology optimization method
was first introduced in 1988 for the minimum weight
design of structural components. Since then, the
topology optimization method has gained widespread
popularity in academia and industry and is now 
being used to reduce weight and optimize the per-
formance of automobiles, aircraft, space vehicles and
many other structures (Fig. 3.6). Today, several com-
mercial software systems provide topology optimiza-
tion for industry. These programs are based on aca-
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Topology optimization: from airplanes to nano-optics
Ole Sigmund & Martin P. Bendsøe

47Technical University of Denmark 2004

Fig. 3.7. Design of the load carrying frame of an automo-
bile. An illustration of the design process using topology
optimization at Jaguar Cars Ltd. The styling department
determines the outer shape of the car. The structural de-
sign domain is determined as the entire car structure mi-
nus the areas reserved for cabin, engine, drive train etc.
The final design domain is discretized by several hundred
thousand elements. The result of the topology optimiza-
tion indicates the optimal distribution of material and
points out zones where reinforcements are especially im-
portant. After post-processing of the topology optimiza-
tion results, actual sizes of frame, shell and other body
parts are determined from a simplified optimization prob-
lem. The final optimized car model is further checked for
crashworthiness, acoustic and other design criteria. Illus-
trations courtesy of Altair Engineering Ltd. and Jaguar
Cars Ltd.
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Fig. 3.6. Design of the leading edge of a wing. The new mega-airliner, the Airbus 380, has required much 
effort in weight reduction studies for making the aircraft viable. During the development of the aircraft, topol-
ogy design has been tested for its applicability in the aerospace industry. One such study was the design of in-
tegrally stiffened machined ribs for the inboard inner fixed leading edge. Two types of software were applied,
one which is similar to the method described here, and one that also includes information on the type of
(eventually composite) material that is useful for the design. Based on these results and quite a bit of engi-
neering interpretation, a new type of structure was devised for the ribs that gave a weight benefit against tra-
ditional (up to 40%) and competitive honeycomb/composite designs.
The process of generating this new type of rib is typical for applications of topology design in many mechani-
cal engineering settings. The technique is not necessarily used for creating the final design, but rather to give
inspiration to the experienced engineer, who can see new possibilities on the basis of the computational re-
sults. In other fields, however, one also sees that the results of the topology design are transferred directly to
production (see the fig. 3.9 on the design of an optical waveguide – the Z-bend).

ombrydning_DTV_kap. 3  30/11/04  10:09  Side 46

The design space can be thought 
of as the blank space from which 
a sculptor begins a carving. The 
emerging forms will be contained 
within this space.

Precise knowledge of all the forces 
acting on an object under every 
condition is not critical; relative or 
approximated values for the dominant 
forces will still yield physically 
meaningful results.

The algorithm re-distributes 
material within the design space, 
presenting forms that make minimal 
use of the material. Only the 
essential material is preserved. 

You can start the fundamental process 
of interpretation that makes your design 
unique. You are free to interpret as 
loosely or literally as desired. 

After you have identified the design 
direction, you can start developing 
the 3D model in solidThinking’s 
modeling environment.

Thanks to solidThinking’s unique ConstructionTree, 
you can perfect your design in any detail and quickly 
explore interesting design alternatives at the speed 
of thought.

be inspired!
brainstorm and

explore ideas together
solidthinking inspired lets users create design space models or directly read, share, combine 
and exchange 3D geometry from a variety of formats including Catia V4, Catia V5, DXF, DWG, 
IGES, Lightwave, Maya, Parasolid (x_t and x_b), Pro/ENGINEER, Rhinoceros, RIB, SAT (ACIS), 
SolidWorks, STEP, STL, UGS NX, VDA/FS, VET, VRML, 3DS.

After defining environments around the models, you can execute the morphogenesis form-
generation technology to grow efficient shapes in response to various environments and controls.

Through a highly exploratory ideation process designed to generate as many different conceptual 
approaches to a problem as possible, morphogenesis form-generation technology acts as a 

complementary idea generator and source of inspiration for designers, architects and concept engineers.

By putting nature to work for you, you will be able to discover forms that are:
• aesthetically interesting, unique and often unexpected
• well-adapted to their intended structural function
• efficient, because they economize the use of material
• conducive to manufacturing processes like extrusion, casting, and stamping
• less likely to be radically changed by downstream engineering

176 L.L. Stromberg et al.

stress trajectories for the cantilever beam problem consid-
ered (see Fig. 12a). One set of lines represent compression
lines while the other set represents tension lines. The trajec-
tories are acting as streamlines such that the lateral wind
force ‘‘enters’’ the continuum at a certain location along
the height and flows through the trajectories to the foun-
dation (this is due to the non-shear condition along these
lines). Since the principal stress trajectories represent the
natural flow of forces in the structure, they offer an ana-
lytical method to identify the optimal layout of structural
material in a high-rise. The optimality comes from the idea
of understanding how the forces are ‘‘moving’’ through the
structure to the foundation and embrace this flow with the
structural members.

The principal stress trajectories in Fig. 12a show the fol-
lowing important characteristics in relation to the behavior
of high-rise buildings:

• the tension and compression lines meet at a 45◦ angle at
the centerline-----in beam theory there is a state of pure
shear stress at the centerline.

• the stresses at the beam edges are vertical because the
problem is purely axial. It can be noted how the lines
become very dense toward the edges, emphasizing how

in a high rise the most efficient way to carry the over-
turing moment is to put material as far away as possible
from the neutral axis.

• the trajectories tend to be more vertical toward the
base of the cantilever and closer to 45◦ bracing toward
the top. This is caused by the fact that at the top
there is mainly shear-type loading while the bottom
of the cantilever is controlled by the overturning
moment.

The principal stress analysis conducted in two dimen-
sions can be extended to three dimensions assuming a
cantilever beam with the cross section of a hollow tube (see
Fig. 12b). In this case, when the wind is blowing orthogo-
nally to one of the tube faces, the side of the tube parallel to
the wind directions are behaving similarly to the two dimen-
sional problem while, in the sides orthogonal to the wind
direction, the stress trajectories are mainly vertical. This
result emphasizes the typical behavior of a tubular high
rise structure which behaves similarly to a simple I-beam
section. The faces of the tube orthogonal to the wind direc-
tion are acting as flanges and mainly carry the overturning
moment, while the faces of the tube along the wind direction
are carrying the shear force.

Fig. 13 Illustration of the
concept of pattern gradation
along the height of a building:
a pattern gradation constraints;
b topology optimization result
with similarities to c John
Hancock Center in Chicago, IL
(taken from en.wikipedia.
org/wiki/John_Hancock_Center)
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images: Sigmund and Bendsøe 2004; Stromberg et al. 2011; solidThinking Inc. 2011
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Digital design & fabrication

Topology optimization of an aerospace part (EADS)
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Topology optimization as an architectural design tool
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Topology optimization in concrete design

Most industrial applications: linear-elastic behavior, metallic
materials.
Software: Optistruct (Altair), TOSCA (fe-design), GENESIS
(VR&D), plug-in for Abaqus, ...

Concrete design: established application is in generating strut & tie
models:

Truss-based optimization: Kumar 1978, ... , Ali & White 2001, ...
Continuum-based optimization: Liang et al. 2000, ... , Gaynor et
al. 2012, ...
Recognized by fib in bulletin 45 - “Practitioners’ guide to finite
element modeling of reinforced concrete structures”.
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Optimization in concrete design

From fib bulletin 45:

“FEA methods ... can form the basis for design of new, complex,
structures that are not easily dimensioned using other rational design
methods.”

“In the near future, NLFEA will likely form the main engine in
computer-based automated design software, although in a form likely
invisible to the user.”

Towards simulation-based optimization?

Advanced constitutive models: Lubliner et al. 1989, Lee & Fenves
1998, Grassl & Jirásek 2006, Červenka et al. 1998, 2008; and
many other important contributions: Bažant, deBorst, Feenstra, ...

Implemented in: ATENA, Abaqus, ...
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Embedded formulation

Concrete is an isotropic continuum; material described by a
gradient enhanced damage model.

Steel reinforcement consists of 1-D bars; linear elastic behavior.

Displacements of both phases are compatible using an embedded
formulation (Phillips and Zienkiewicz 1976; Chang et al. 1987) .

1-D rebar embedded into an isoparametric 2-D element
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Elastic-damage model for concrete

Model based on “Gradient enhanced damage for quasi-brittle
materials” (Peerlings et al. 1996) .

Successfully applied recently for: multiphase material optimization
of fiber reinforced composites (Kato et al. 2009); optimization of fiber
geometry (Kato and Ramm 2010).

σ = (1− D)Cε

D = D(κ)

ε̄eq ≥ 0

κ̇ ≥ 0, ε̄eq − κ ≤ 0, κ̇(ε̄eq − κ) = 0

ε̄eq − c∇2ε̄eq = εeq
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Elastic-damage model for concrete

Damage law

D = 1− κ0

κ

(
1− α + α exp−β(κ−κ0)

)
(Mazars and Pijaudier-Cabot 1989)
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Finite element implementation

Newton-Raphson incremental-iterative equation, disp. control :[
Kuu

i−1 + Kbars Kuε
i−1

Kεu
i−1 Kεε

] [
δui

δε̄eq,i

]
=

[
δθf̂uext
fεi−1

]
−
[

fuint,i−1 + fbarsint

Kεεε̄eq,i−1

]
With:

Kuu
i−1 =

∫
Ω

BT (1− Di−1)CBdΩ

Kuε
i−1 = −

∫
Ω

BTCεi−1qi−1ÑdΩ

Kεu
i−1 = −

∫
Ω

ÑT

(
∂εeq
∂ε

)T

i−1

BdΩ

Kεε =

∫
Ω

(
ÑT Ñ + B̃T cB̃

)
dΩ

fuint,i−1 =

∫
Ω

BTσi−1dΩ

fεi−1 =

∫
Ω

ÑT εeq,i−1dΩ

qi−1 =

{ (
∂D
∂κ

)
i−1

ε̄eq,i−1 > κold

0 ε̄eq,i−1 ≤ κold
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Problem formulation - concrete & rebar optimization

min
x
φ(x) =

∑Nelem
i=1 x̄i

Nelem
(concrete volume fraction)

s.t.: g1(x) = −θNin
f̂ pup

Nin
+ g? ≤ 0 (end-compliance, pres. DOF )

g2(x) =

Nbars∑
i=1

ai li − ρV ≤ 0 (reinforcement volume fraction)

0 ≤ xi ≤ 1, i = 1, ..., (Nbars + Nelem)

with: Rn(un, θn, ε̄eq,n,κn−1, x) = 0 n = 1, ...,Nin

Hn(ε̄eq,n,κn,κn−1) = 0 n = 1, ...,Nin − 1

Problem solved using MMA (Svanberg 1987) - first order method,
sequential convex approximations.
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Design parameterization

Physical density x̄ from density filter and Heaviside projection
(Bruns and Tortorelli 2001; Bourdin 2001; Guest et al. 2004; Xu et al. 2010)

Modified SIMP for concrete (Bendsøe 1989, Sigmund and Torquato 1997)

E (x̄i ) = Emin + (Emax − Emin)x̄pE
i

Linear interpolation for bar areas

ai (xi ) = amin + (amax − amin)xi

Filtering of bar areas according to surrounding
concrete

x̃i = xi
1

Nij

∑
j∈Ni

(x̄j)
pE
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Sensitivity analysis

Derivatives of objective φ and constraint g2 are straightforward.

Derivatives of constraint g1 are computed by the adjoint method:

∂g1

∂xi
= −

Nin∑
n=1

λT
n

∂Rn

∂xi

Backwards-incremental adjoint procedure due to path-dependency
(Michaleris et al. 1994) :

K̃T
Nin

λNin
=



−

 ∂ḡ1
∂uf

Nin


T

∂ḡ1
∂θNin

−
{

∂ḡ1
∂ε̄eq,Nin

}T


γNin−1 =

∂ḡ1

∂κNin−1

−
{

∂RNin

∂κNin−1

}T

λNin

K̃T
n λn =


0
0{

ÑT ∂Hn
∂ε̄eq,n

γn

}


γn = −
{
∂Rn+1

∂κn

}T

λn+1 −
∂Hn+1

∂κn
γn+1
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Deep beam, point load
Result with ρ = 0.005, g? ≈ 0.8× grebaronly , DP function
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Deep beam, point load
Comparing to linear elastic optimization

Damage modeling

With diagonal bars

Without diagonal bars

Linear elastic modeling

Optimized layout

After 100 extra iterations
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Deep beam, point load
Effect of ‘yield’ function

εeq =
√

3J2 + mI1

φ = 0.6564

εeq =
1

1− α
(
√

3J2 + αI1 + β 〈ε1〉 − γ 〈−ε1〉)

φ = 0.6714
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Concluding remarks

Load-bearing per unit weight improved by over 20% for a given
range of displacements.

Nonlinear modeling, and model parameters, make a difference.

Practical requirements can be taken into account, e.g. clear cover,
rebar spacing, minimum reinforcement, allowed deflections etc.

Future outlook: where can we use FEA-based optimization?

Reduce weight of concrete members.

Find reinforcement layout in complex structures.

Optimize retrofitting of existing structures.

Optimize distribution of multiple materials.

Topology Optimization Procedures for Reinforced Concrete Design 19/20



Concluding remarks

Load-bearing per unit weight improved by over 20% for a given
range of displacements.

Nonlinear modeling, and model parameters, make a difference.

Practical requirements can be taken into account, e.g. clear cover,
rebar spacing, minimum reinforcement, allowed deflections etc.

Future outlook: where can we use FEA-based optimization?

Reduce weight of concrete members.

Find reinforcement layout in complex structures.

Optimize retrofitting of existing structures.

Optimize distribution of multiple materials.

Topology Optimization Procedures for Reinforced Concrete Design 19/20



Funding:
Postdoctoral grant from the Danish Council for Independent Research |
Technology and Production Sciences.

Further reading:

Amir O and Sigmund O. Reinforcement layout design for concrete structures based on
continuum damage and truss topology optimization. Structural and Multidisciplinary
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Computers and Structures 2013, 114-115:46-58.
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